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In the calculation of turbulent flows near walls, a substantial amount of mesh points and computational effort
is required to adequately resolve the intense velocity profile variations in the near-wall region. In this study, a
profile approximation is obtained for the mean velocity that is based upon consideration of the coherent
structure of the time-dependent wall-layer flow. The profile approximation is an analytical formula that satisfies
all of the required compatibility conditions at the wall and the logarithmic behavior at the edge of the wall layer.
A general method for utilizing the present wall-layer profile model in a prediction method is indicated.

I. Introduction

ECENTLY there has been considerable interest in the

development of wall functions to represent the mean
velocity profile near the wall layer of a turbulent boundary
layer. Here, the term ““wall layer”’ is understood to denote the
portion of the boundary layer from the wall to the overlap
zone (where the mean velocity is logarithmic in distance nor-
mal to-the wall). Wall-layer regions also occur in turbulent
internal flows and, consequently, the capability to accurately
predict wall-layer behavior is important in a wide variety of
engineering applications. Because of the intense variation of
the mean velocity profile in the wall layer, relatively large
numbers of mesh points (as well as considerable computa-
tional effort) are required in prediction methods which at-
tempt to compute the velocity profile all the way to the wall.
The attraction of wall functions is the expectation that the
velocity profile near the edge of the wall layer may be repre-
sented by some analytical expression (such as a form of the
“‘law of the wall’’) at the first numerical mesh point from the
wall, in part of a coarse mesh that adequately resolves the
details of the effectively inviscid flow away from the wall. If
such an approach can be developed and refined, the
economies of mesh points and computational effort are sub-
stantial. Some work in this area has recently been reviewed by
Rubesin and Viegas! where a number of approaches for patch-
ing an outer numerical solution to a wall function at the first
point from the wall are critically discussed. In the present
study, an analytical expression for the mean velocity profile
throughout the wall layer is derived through a time-average of
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typical time-dependent observed coherent motions within the
wall layer. The subsequent analysis of the time-dependent
flow is complex, and the reasoning involves a number of
subtle points; however, the final resulting time-mean profile is
a relatively simple analytical expression that spans the entire
wall layer from the wall to the logarithmic region. A general
method for using this profile in a prediction method will also
be briefly discussed in this paper.

As a result of over two decades of experimental work,>12 it
has been possible to identify a repeatable and cyclic process in
turbulent flows near walls; in this process, the wall layer is
observed to grow slowly over a period of time and then
interact strongly with the outer flow in an event usually re-
ferred to as bursting. The principal features of the wall-layer
flow play a central role in the present analysis and are re-
viewed in Sec. II. The present approach is somewhat uncon-
ventional in that the analysis seeks to develop a model for the
mean velocity profile rather than the Reynolds stress — v’ .
Justification for the use of wall-layer profiles in a prediction
method is provided by asymptotic analyses of the time-mean
equations for large Reynolds numbers, originally due to
Fendell’®> and Mellor'¥; the central results are quoted in
Sec. II1. The present analysis seeks to construct the particular
time-dependent motion's which average to produce the major
contributions to the mean velocity profile; it is necessary to
restrict attention (in the analysis) to motions that produce
contributions to the mean quantities that have orders of mag-
nitude compatible with established asymptotic results,!3-16 and
which are consistent with observed trends for Reynolds stress
—u"v” and the turbulence intensities #’2, v'2, and w’2. A
model of the time-dependent flow is considered in Sec. IV;
possible similarity solutions are discussed in Sec. V, and an
expression for the mean profile is obtained in Sec. VI. Finally,
the potential application of the present profiles in a general
prediction method is described in Sec. VII.

II. Experimental Background
Since the original observations? of the cyclic behavior of
turbulent wall-layer flow, a large number of experimental
studies have clearly established the general nature of the pro-
cesses involved.>® Although a variety of questions concerning
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the causes and effects of the observed phenomena are not yet
fully resolved, it is possible to put together a general descrip-
tive account. There are two main features that are known to
dominate the dynamics of the wall-layer flow, and these are
the wall-layer streaks and the bursting phenomenon. If obser-
vations are carried out over a fixed area of the wall, the wall
layer will be seen to be in a quiescent? state for a large majority
of the total observation time. During the quiescent period, the
wall-layer streaks are observed when a visualization medium
such as dye or hydrogen bubbles is introduced into the wall-
layer flow. The markers are observed to collect into relatively
long streaks that are essentially aligned in the streamwise
direction. The streaks are separated by an average spanwise
distance®>° of 100 »/u,, where » is the kinematic viscosity and
u, is the local mean friction velocity; the streaks are elongated
in the streamwise direction, and typically may have a length on
the order of 1000 v/u,. The streamwise velocity in the vicinity
of the streaks is generally less than that of the mean profile,
and thus the terminology ‘‘low-speed streaks’’ is common.
The cause of the wall-layer streaks is not generally agreed
upon, but it is reasonable to suppose that the streaks are the
signature of vortices (probably of the hairpin type!’-'%) which
are being convected over the wall within the boundary layer
but above the streaks.

Although the observed portion of the wall layer is in the
quiescent state, the time-dependent flow in the turbulent
boundary layer may be considered to have a distinct double
structure; i.e., there is a well-defined inner wall layer and an
outer layer. The wall layer is very thin with respect to the outer
layer; furthermore, at this stage the wall layer only responds
passively to events that are taking place in the outer layer (such
as the passage of hairpin vortices). Put in another way, there
are no strong interactions between the inner and outer regions
during the quiescent period. It is worthwhile to remark that
the boundary between the two regions is not distinct or static
at some value of y ¥ =yu,/v, where y measures distance nor-
mal to the wall; rather, the boundary is to be regarded as
continuously in motion as the cycle progresses. The quiescent
period is generally observed to initiate with the ‘‘sweep,”’
which is characterized* by a penetration of high-speed fluid
from the outer region of the boundary layer toward the wall;
in the latter stages of the sweep event, the wall-layer streaks
appear. At this stage the wall layer is very thin. There then
ensues a relatively long quiescent period in which there are no
major interactions with the outer flow, and the wall layer
continuously thickens due to viscous diffusion.

The quiescent period is observed to terminate at isolated
spanwise and streamwise locations in the bursting process.
The phenomenon is normally associated with a wall-layer
streak; initially, the low-speed streak lifts away’ from the wall,
and oscillations in both the spanwise and normal directions
are observed. The oscillations appear to increase in amplitude
and scale until a breakdown occurs in the form of a chaotic
eruption of wall-layer fluid into the outer layer. The ejection
of wall-layer fluid is soon followed by a sweep* of outer-layer
fluid toward the wall; in the process, the chaotic motion due
to the burst is swept away. At this stage the wall-layer streaks
re-appear, but now at different spanwise locations, and a new
quiescent period begins; over a large number of cycles, the
spanwise distribution of the streaks is random. The cause of
the bursting phenomenon is not generally agreed upon; how-
ever, the observed phenomena is probably due to the action of
convected hairpin vortices. It is known that moving vor-
tices2®-2% induce a region of adverse pressure gradient on the
viscous flow near a wall, and that this soon actuates an un-
steady separation effect; in many situations this leads to the
evolution of secondary vortices and a strong viscous-inviscid
interaction in the form of an eruption of the viscous flow near
the wall. The bursting phenomenon bears a strong resem-
blance to known vortex-induced eruptions.?%?!2* However,
even if causal questions are set aside for the moment, it is clear
that the bursting phenomenon represents a local breakdown of
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a hitherto relatively well-ordered wall-layer flow. Conse-
quently, it is a brief period when the wall layer and the outer
layer of the boundary layer interact strongly in what may be
characterized as an unsteady viscous-inviscid interaction. For
a fixed observation area of the wall, let 7, denote the average
duration of the quiescent period (measuring a period from the
latter stages of the sweep to the onset of the bursting phe-
nomenon); in addition, let 7, be the average duration of the
bursting process or localized breakdown of the wall-layer
flow. The average period between bursts is the sum
Tg =T, + T, and it is generally observed®®> that T, » T..
Consequently, the time associated with the breakdown and
interaction is brief with respect to that of the quiescent period.
However, the majority of Reynolds stress production occurs
during these brief periods of breakdown?®3# and not during the
quiescent period. The bursting process is the fundamental
regenerative mechanism of production in which new vorticity
from the wall-layer region is abruptly and intermittently intro-
duced into the outer regions of the turbulent boundary layer.
Thus, if direct modeling of Reynolds stress — #’ v’ near a wall
is contemplated, it is evident that an analysis of a typical
bursting process is necessary if the model is to reflect the true
physics of the flow. Unfortunately, the observed strong inter-
action that occurs is complex and difficult to treat on a theo-
retical basis. The alternate approach considered in the present
paper is to focus on the development of the mean velocity
profile in the wall layer. In view of the relatively long dura-
tion, the vast majority of contributions to the mean profile
(recorded by a probe, for example) are made during the quies-
cent period when the wall-layer flow is reasonably well or-
dered, and when no strong interactions occur between the wall
layer and the outer flow.

III. Time-Mean Structure

The analysis is carried out in the limit of large Reynolds
numbers with the objective of isolating the dominant terms in
the governing equations; the results are expected to be asymp-
totic for finite but large Reynolds numbers. It is worthwhile at
this stage to review the known features'*% of the time-mean
asymptotic structure. Consider a nominally steady two-dimen-
sional turbulent boundary-layer flow, and let (x,y) measure
distances in the streamwise direction and normal to the wall,
respectively; the corresponding mean velocity components are
(#,7), and wu.(x) denotes the mainstream velocity. Let
Re = UyL /v denote the Reynolds number based on a represen-
tative length L and speed Up; in the limit Re — oo, the impor-
tant small parameter'>!* is the dimensionless friction velocity
defined by

Us = ux,Re)/u,(x) (@)

It can be shown!3-¢ that u,—0 as Re-—oo and, in addition,
there is a self-consistent two-layer structure associated with
the boundary-layer solution. In the outer layer, the streamwise
velocity is a perturbation about the mainstream, and the
Reynolds stress is 0(u2), viz.,

#=u,)1 +u Ui, m) +...], w0 = —uLi(x,n) + ...
)

Here n = y /Ay is the scaled outer variable; A, is representative
of the outer-layer thickness and is O(u#x). The function L, is
arbitrary, and in order to define a specific outer-layer turbu-
lence model, some functional form must be specified relating
¥, to U;. Upon substituting Eqgs. (2) into the boundary-layer
equations and neglecting terms O(u x), a simple differential
equation for the defect function U, is obtained!3-1%; in a pre-
diction method, this outer-layer equation would generally be
solved numerically for U, (for a given turbulence model X,)
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subject to the conditions

U, ~ (1/k) logy + Co(x) as n—0, U—0 as n—o (3)
Here « is the von Karman constant, which is usually assumed
to have a value of x = 0.41; the quantity Cy(x) generally de-
pends on the turbulence model used and must be calculated as
part of the outer-layer numerical solution.

The main results in this paper concern the wall layer, and
here the expressions for mean velocity and Reynolds stress
arel3—l6

a=uU"..., —uv = ulo(x,y )+ ... 4

where the scaled inner variable y * =u,y/v. To leading order,
the equation governing the mean wall-layer flow!3-16 is

RU*  da
A T ©)

Here the pressure gradient parameter p * is defined by

o v dn.
oul dx

©®

where p.(x) denotes the mainstream pressure. The important
aspects of Eq. (5) are that 1) the convective terms are negligi-
ble to leading order, and the mean wall-layer flow arises from
a balance between the Reynolds stress and viscous terms (in
the limit Re —c0), 2) an x dependence can only occur in the
wall-layer solution parametrically through matching to the
outer-layer solution (as y * — o), and 3) if either of U* or o
is known, the other function may be obtained from Eq. (5) by
integration from the wall. Consequently, in regard to a wall-
layer turbulence model, it is possible to model either the
Reynolds stress or the mean profile; the former approach is
conventional, but in this study it is the mean profile that will
be modeled.

At the edge of the wall layer, the profile function U* must
behave according to!?-16

Ut ~A/k)logy*+C; as y*—oo @)

where C;is a constant that is often assumed to have a universal
value of 5.0. At the wall, it follows from the definition of

u, =~/7,/p that

+
%}}UT=1 at y*=0 ®

Here, 7, is the wall shear, and p is the fluid density. In
addition, the mean profile must satisfy certain wall compati-
bility conditions, which follow from a Taylor-series expansion
for small y * of each of the terms in Eq. (5) and the fact that
u'v’ is O(y *3) as y * —0; it is easily shown that

FU+ Fu~
Ehlal FyF =0 at yr=0 ©)

Two other points are worthy of note. First, the mean normal
velocity in the wall layer'*-'6 is small, and o = O(Re ~!). The
second point is that matching of the inner- and outer-layer
velocities takes place with y ¥ — o0 and —0; using Eqgs. (3) and
(7, it is easily verified'31* that

11 .
. log[A—"';i"—] + G — Cy(x) (10)

Uy K

This relation will be termed the match condition; it is a general
result that is independent of any turbulence model and which
relates the dimensionless friction velocity u. to the outer-
length scale Aq and the inner and outer ‘“log-law’’ parameters
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C; and C,, respectively. Note that to leading order, Eq. (10)
indicates that wu. ~ x/logRe; as Re— o, where Re; is a
Reynolds number based on local boundary-layer thickness.

IV. Formulation of the Wall-Layer Problem

In this section, the equations governing the unsteady flow in
the wall layer during the quiescent period are obtained as a
subset of the full Navier-Stokes equations, with the objective
of considering the flow evolution during a typical quiescent
period. Let (x,),z) measure distances in the streamwise, nor-
mal, and spanwise directions, respectively, with corresponding
velocities (u,v,w). It is well established from experiment that
the turbulent intensities #'2, v’2, and w’2 and the Reynolds
stress — u v’ are O(u?) in the wall layer, and this suggests that
the following scaled instantaneous velocities are appropriate
during the quiescent period.

ut=u/u,, vt =v/u,, wt=w/u, (11
It is assumed that the dimensions associated with typical mo-
tions are comparable in the normal and spanwise directions
(and comparable to the mean wall-layer thickness); however,
variations in the streamwise direction are considered to be less
important, in view of the long length of the streaks relative to
their spacing. It is also evident that the flow is unsteady and,
therefore, the following scaled coordinates are introduced:
X=x/Ly., y*=yulv,

z2t =zu /v, t*=ult/v (12)

Here L, is a characteristic length in the x direction that is not
known, but is expected to be associated with the streamwise
extent of the outer-region structures responsible for the cre-
ation and evolution of the wall-layer streaks; recent evi-
dence!”>'® indicates that these are convected hairpin vortices.
In any event it is assumed, in accordance with experiment, that

Ly»v/u, (13)

It is noted in passing that in the early visual measurements of
the time between bursts,? the burst period was considered to
scale on inner variables; in subsequent years, probe measure-
ments seemed to imply a dependence on outer variables,® and
for a time the scaling was somewhat controversial. In recent
times, visual investigations and probe studies”!%!2 have sup-
ported a scaling based upon inner variables and, generally,
indicate a period between bursts of T3 = 100. In the present
context, the time scale is fixed by the requirement that the
unsteady terms balance the viscous terms in the Navier-Stokes
equations, since any other balance during the quiescent period
leads to a contradiction.

The pressure in the wall layer may be expanded according to

p(x1) = p(x) + (pu7 L/ v)Do(%,1 +)

+ oGyt T+ 14)

where p,.(x) is the mainstream pressure distribution. The pres-
sure pp is an unsteady pressure variation that is impressed
across the wall layer during the quiescent period, and which
may be thought of as due to the motion of convected distur-
bances in the outer region (such as hairpin vortices); it is easily
verified, upon substitution in the Navier-Stokes equations,
that p, is independent of y * and z * as indicated in Eq. (14).
The term p, is associated with the relatively organized motion
between the streaks during the quiescent period. Upon substi-
tution of Eqs. (11-14) into the unsteady Navier-Stokes equa-
tions, the following leading-order equations are obtained:

out out out
+ov* +w” =-p*
ar U gy azw ¥

9y Out
ax  ay*r 9zt

15)
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vt . L0v* o Lov* _ ap, azv’; N 3y (16) where the vorticity functions g, are related to the f, by
ar+ ay* gty eyt 9P 2f,  (2nw)?
" nw
gn()’+,t+)=a +2—<)\+>fn (24)
ow+ w+ aw+ op1  Fwt  FPwr Y
++UJr *'-f—WJr = = ++—ﬁ+ﬁ (17)
at ay 0z 9z ay 9z A sequence of equations for the g, is readily obtained from
Eq. (22) using standard methods,? and this set describes the
v+ ow+ evolving flow in the crossflow plane.
I + 327 0 (18) There are two major influences on the development of the

A similar set of equations has been considered by Chapman
and Kuhn.?® Here, p* is the mainstream pressure gradient
defined by Eq. (6), which is small in most situations and here
is assumed to be at most 0(1).

The objective now is to consider solutions of Egs. (15-18),
which correspond to representative motions during a typical
quiescent state. The presence of the wall-layer streaks indi-
cates that there are planes at certain spanwise locations that on
average are aligned in the streamwise direction and across
which there is no spanwise flow. Consider, therefore, the flow
development between a typical pair of wall-layer streaks lo-
cated at z* =0and 2" = A"; here At = Au,/v, where A is the
mean streak spacing and \* is generally observed® to have an
average value of about 100. Since w* must vanish at z+ =0
and z* = A" and in view of Eq. (18), it is possible to write v +
and w* during a typical quiescent period according to

o0 a . . +
L ayf+ S‘“<2nx7r+z )

271 2nwz*t
v*:-):: E nf,,cos< T ) (19)

n=1

Here f,(y *,¢ ") are the functional coefficients of the Fourier
series, which are to be determined subject to the boundary
conditions at the wall

af,
ay*

fn= =0aty* =0 20)

A variety of different conditions could be considered for the
asymptotic behavior of the instantaneous flow in the outer
regions of the wall layer subject to the restriction that
w* =0(1) as y * — oo; this is necessary since the motions repre-
sented by Egs. (19) will make significant contributions to the
turbulence intensities, and measurements show that w’2/u? is
at most (1) for large y *. The simplest outer condition that
will produce the observed type of wall-layer structure, corre-
sponding to the situation depicted schematically in Fig. 1, is
obtained for

/i af
- W,
ay+ Is ay*

-0, n>1 @

as y* —oo. This is similar to the type of flow induced on the
wall layer from above by a convecting hairpin vortex.! It is
evident that the solution of Egs. (16-18) develops indepen-
dently from that of Eq. (15); by eliminating the pressure p;, an
equation describing the evolution of streamwise vorticity {; is
obtained, viz.,

LIS N e v

at++ ay+ az+:ay+2+az+2 (22)
Here,
aw*t av* o Z
- - =— +) si 23
T il M L )sm< o > @3)

streamwise velocity u*, namely the nature of the outer
streamwise flow imposed on the wall layer during the quies-
cent period, and the effect of the evolving flow in the cross-
flow plane that enters through the convective terms in Eq.
(15). It may be verified upon substitution of Egs. (19) into Eq.
(15) that solutions for u *(which are symmetric about z * = 0)
may be written

- 2naz*
Ut =ugy ety + El U (¥ ,1 ) cos< X > 25)
n=
A variation in X has not been written explicitly in this equa-
tion, since the dependence on X is at most parametric (entering
from the outer conditions for # * as y * — ). Using standard
methods for orthogonal functions,? it is readily shown that

e +K+—fn TR Ui+ +mfyin)

ou, 2mn . du, T §ou,
ay+

i Wuim
+ m uy|sgn(m — n) —ay" +—3y+

Qu 2n7\?
= ay +n2 — <—)\—+—> uy, (26)

for n = 1,2,3,... and with j = |m — n|. The equation for u; is

g _ " 62u0 .
ayr= P gt MO 27
where
apo T = 9
M=—2"——
ax e L Mg, Gnfa) 28)

The set of Egs. (22), (26), and (27) is a coupled system of
nonlinear equations that can be solved numerically for an
assumed initial velocity at the beginning of the quiescent pe-
riod (the latter stages of the sweep). The full numerical prob-
lem has been considered by Walker and Herzog?’; the main
focus in this paper is to obtain an expression for the mean
profile. At the same time, it is worthwhile to make two com-
ments. First, there will be no net contribution to an average
value of either w or v from the time-dependent motions repre-
sented by Eqgs. (19); in addition, the first term in Eq. (25) (that
is independent z *) produces the principal contributions to the
mean profile U™ in the wall layer during the quiescent period.
This is because after each wall-layer breakdown and subse-
quent sweep, the low-speed streaks appear at different span-
wise locations; over a large number of cycles, the spanwise
distribution of the streaks must be random. In the present
analysis, an estimate of average quantities may be obtained by
integration across the span from z* =0to A", and in particu-
lar integration of Eqs. (19) yields zero; this is consistent with
the known mean results that w =0 and » is small and O(Re ~1).
Note, however, that the motions represented by Eqs. (19) and
(25) do produce contributions to #’2, v’2, and w’2, which
generally have an order of magnitude consistent with experi-
ment. The second point is associated with the nature of the
events that leads to the ultimate breakdown and destruction of
the structure depicted schematically in Fig. 1. Walker and
Herzog?” have obtained numerical solutions for the developing
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Fig. 1 Schematic diagram of average wall-layer structure during the
quiescent state.

flow in the crossflow plane, and have shown that there are at
feast two routes to breakdown and eruption of the wall-layer
flow. The evolution of the wall-layer flow depends on the
value of a characteristic Reynolds number Rey,= WiA*. Here
W, represents an average spanwise velocity at the wall-layer
edge. In Eqgs. (21), W, is associated with the first term in the
Fourier series; however, more general situations could be con-
sidered in which all terms in the Fourier series for w* asymp-
tote nonzero values as y * — oo, Measured values of w2 for
large y * suggest that a typical value of W is about 2 and since
A* =100, Re, is, in general, large. Walker and Herzog®’ have
considered solutions for the limit problem Re,— o and for
finite values of Re,, and show that breakdown occurs through
essentially the same fundamental mechanisms identified by
Ersoy and Walker.? In the region near z* =0, the outflow
depicted in Fig. 1 gives rise to an adverse pressure gradient
which is imposed on the viscous flow near the wall; ultimately,
separation and regions of reversed flow develop in the cross-
flow plane near the wall. In the limit problem Re)— o, and for
a range of finite but high values of Re,, the crossflow plane
separation quickly leads to a strong unsteady interaction of
the wall-layer flow in the form of an eruption of the motion in
the crossflow plane. As Re), decreases, the tendency for the
crossflow plane solution to become eruptive gradually dimin-
ishes, and eventually the motion in the y "z * plane evolves to
an apparently steady state; however, in such cases, the stream-
wise velocity profiles were observed to develop a strong inflec-
tional character in a region directly associated with the recircu-
lating flow in the crossflow plane.”” The latter situation is
expected to be highly unstable and lead to a local rollover and
interaction with the outer flow. Consequently, for sufficiently
large values of the average spanwise velocity W, at the wall-
layer edge, the structure in Fig. 1 and the problem defined by
Eqgs. (21), (22), (26), and (27) is inherently unstable, and the
wall-layer flow must break down and interact strongly with
the outer flow at finite values of ¢*, which are 0(100).

V. The Similarity Solutions

Lasting contributions to the mean wall-layer profile during
the quiescent period are associated with the zy component,
which is governed by the diffusion Eq. (27). The forcing
function M contains a pressure gradient term and terms aris-
ing from the evolution of the other streamwise modes; numer-
ical solutions?’ indicate that for large Rey, the coupling be-
tween the solutions of Egs. (26) and (27) is weak and, thus,
this effect will be neglected here. The pressure po(X,z*) is
impressed across the wall layer and arises from the time-de-
pendent motions in the outer region above the wall layer. A
variety of forms are possible, corresponding to different types
of convected disturbances. Alternatively, in the Van Driest?®
model of wall-layer turbulence, the motion considered is a
Stokes flow driven by periodic velocity fluctuations at the
wall-layer edge; this is obtained in the present context by
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taking dpy/ 8% equal to a periodic oscillatory function. How-
ever, it is evident that oscillatory solutions cannot make a net
contribution to the mean profile and, thus, are not of interest.
A class of solutions of Eq. (27) that do produce net contribu-
tions to the mean profile are similarity solutions correspond-
ing to the relatively organized motion between streaks. These
types of time-dependent solutions were originally studied by
Einstein and Li*® and Hanratty,’® who neglected convection
and considered a one-dimensional unsteady flow; these as-
sumptions lead to a diffusion equation for the streamwise
velocity. A uniform flow profile was assumed to initiate the
cycle, and an error function solution describing a thickening
diffusive flow was obtained.?>3® A time-average over the as-
sumed growth period yields an expression for the mean profile
in the wall layer, but the profile is not logarithmic for large
y*. Subsequently, Black®! considered an initial profile having
a logarithmic behavior; his time-averaged solution is logarith-
mic for large y *, although the treatment of the initial condi-
tions gives rise to unacceptable irregularities in the mean pro-
file. In Black’s’! theory of wall-layer turbulence, it was
envisaged that an ordered array of unknown entities convects
downstream at some characteristic velocity and causes un-
stable conditions to occur in the wall-layer flow. Some of the
basic features of Black’s model®' are relevant to wall-layer
turbulence!”"1%32; however, the model has often been criticized
for its great simplification and apparent failure to account for
three-dimensional and nonlinear effects. In the present formu-
lation, the role of the three-dimensional motion is evident in
Egs. (19), (22), (26), and (27); furthermore, the wall-layer flow
is ultimately driven toward eruption via the inherent nonlinear
behavior in Eqgs. (22), (26), and (27).

In the present analysis, all relevant similarity solutions of
Eq. (27) will be addressed. Consider first the homogeneous
equation

auo 62u0
v~ gy+2 @9)
and define the general similarity variables
n=yr20t* + tpt)”%, T=1" + 1 (30)

Here ;" is an undetermined constant at this stage which is
introduced because of an uncertainty in the origin of time; the
role of #;* will be made clear subsequently. A sufficiently
general similarity solution of Eq. (29) satisfying the no-slip
condition is of the form

up=gmh(n) + GG, g(0)=G0)=0 (31)

Upon substitution in Eq. (29), it may be verified that a separa-
ble solution is possible if the functions in Eq. (31) satisfy

g" +21g" —20g =0 32)
G” +29G’ =ag (33)
47h’ —2ah =a (34)

where « and @ are separation constants; appropriate values of
a and « and the corresponding functions g, G, and /4 now need
to be determined.

Starting with the g (y) functions, the solution of Eq. (32) for
a=0Is

g =erfy (35)
For « # 0, the general solution of Eq. (32) is
g(n) = Aqe ""2U(a + V2, V2 )

+ B "V (a+ Y, V2 1) (36)
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where A, and B, are constants, and U and V are parabolic
cylinder functions.?® For n— oo, it may be verified that

g ~ Age TP(V2p) " 1 + 0(n~3)]
+ 2% 4B (V21 + Oy~ )] @37

In addition, to satisfy the no-slip condition it can be shown
that

] [zw + 172 cos(ma/2)

T[(I — @)/2)] ] =0 (38)

ﬂ,‘/z
Al 36TV T ar2)

using the values®® of U and V at 4 = 0. Here I'(z) denotes the
gamma function. All solutions of Eq. (32) for « >0 may now
be rejected; it is necessary to take B, = 0 for o> 0 since the last
term in Eq. (37) is algebraically large as n— oo, and it then
follows from Eq. (38) that A, = 0 as well. For a<0, a com-
plete set of eigenfunctions may be obtained by taking
a= —n,n=1273,...Since 1/I'(z) vanishes when the argu-
ment is a negative integer, it may be seen from Eq. (38) that
B, = 0 for n even; on the other hand, for n odd the cosine in
the last term in Eq. (38) vanishes, and it follows that A, = 0.
Consequently, the allowable solutions of Eq. (32) may be
summarized as

a) a=0, gy=erfy
b) neven: g,=e""H,_(n), n =2,4,6... 39
¢) nodd: g,=e "™V(—n+ Y, V2y), n=13,...

Here the parabolic cylinder function U has been written3? in
terms of the Hermite polynomials H,(y). Solutions of type b
and c represent sets of eigenfunctions that decay exponentially
and algebraically, respectively, for large n. For each solution
{Eq. (39)], there are corresponding solutions of Egs. (33) and
(34); the solution for « = 0 is of special interest for which

Gy + 229G = aqy erfq (40)

This equation may be integrated, and it is readily shown that
a particular solution is

2ay .,
Go = 71: Ei(n) (1)
where Z(n) is defined by
7 £ t
BE=1\ e &\ e” | e dxdrds 42)
0 Jo 0

It can be shown?* that this function has the following asymp-
totic behavior:

E (21 — bt

Z(n) ~ £ [log y X

where v, = 0.57721...
following expansion

is Euler’s constant. In addition, the

e_nz f: zjdjn2j+ 1

E(n) = I A G en (44)

Jj=1

where d; = d; ., + 1/j with d; = 1, is uniformly convergent for
all 5, but is particularly useful in the evaluation of F for small
to moderate values of 5. Note that the function % is the only
similarity solution of the linear diffusion equation that be-
haves logarithmically for large n and vanishes at » = 0. The
corresponding solution of Eq. (34) is

ho = (ap/4) logr + Ag (45)
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where Ay is a constant of integration. Finally, for each eigen-
solution of type b or ¢ in Eq. (39), there is a corresponding
solution of Egs. (33) and (34), and with n even

By = (@1,/20) + Ap777%, Gp= —(@1,/2n)e " H, (1)

(46)
for n =2,4,6,...; with n odd
Ry = (@2, /21) + B,7~ - 1D/2
G, = —(a3,/20)e "2 V(—n + V4, V27) 47

for n = 1,3,5,..., where A,, B,, and q; are constants.

In addition to the general solution of the homogeneous
problem [Eq. (29)], the nonhomogeneous terms in Eq. (27)
give rise to the particular solutions

Uy, = —Pp t7[(292 + Derfn — 29> + 25~ Ype "1 + M (48)

where
S
X exp{— (+ + )4 — t)]ﬂ d& dr (49)

Note that M is defined by Eq. (28) and contains contributions
from the instantaneous streamwise pressure gradient at the
wall-layer edge and the other Fourier modes that represent the
three-dimensional motion.

The preceding results may be combined to produce the
following expression for the time-dependent development of
uy according to

o = [(ao/Dlogr + Aglerfn + Qag/N1)E(n)
—p (@2 + Derfy — 29% + Q/N1)me

+ M+ Y AcrFe™" Hy 1)
w k=1
+ E BkT—(Zk - 1)/2p —2/2 V(-
k=1
This expression contains a number of constants @y, A, and the
Ay, By, which at this stage are arbitrary. Using Eq. (43), it may
be shown that

2k +3/2, V2n) (50)

Uy [log(y+/2) }+A0—p T+ M(oo,t %), as g—o0
(51)

which describes the behavior of u; at the edge of the wall layer
during the quiescent period. It is worthwhile here to comment
on the role of the parameter ;" in the similarity transforma-
tion [Eq. (30)]. The cycle is considered to initiate in the latter
stages of the sweep, and a typical streamwise velocity field at
that instant would provide the initial representation at t+ = 0
for the components in Eq. (25). As ¢t * —0, it follows from Eq.
(30) that y—y * /2\/10_+; thus, it may be inferred that any initial
distribution of u, may be represented by appropriate choice of
the constants in Eq. (50).

VI. The Time-Mean Profile

An approximation to the mean velocity profile in the wall
layer may be obtained by computing a time-average of the
component u, according to

Tr

1
U+=?B 0 uodl (52)
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Here T}y is the average period between bursts, which is approx-
imately equal to the duration of the quiescent period 7,; the
contribution to U * from the bursting process will be neglected
here on the grounds that the duration of the wall-layer break-
down T, is short with respect to T,. The contribution to U+
from M and the two sums of eigenfunctions will also be
neglected for the moment. The time-average of the first three
terms in Eq. (50) may be evaluated analytically'®- with the
result

U+= [1 +;°—+] R(THOOG*) + ZG*) + P(THW ()]
B

;f} [ROQG) + ZFd) + POYW ()]

(53)

where T3 = u’Tg/v is scaled period between bursts. The
variables ¥ * and y; are defined by

yr=Yy (T +t)" %, Jo =yt (54)
and the principal functions in Eq. (53) are given by
R(§) = Ao + (Ao/Dlog(t + 1) (55)
Q)= y*+ Derfy + 27~ " ye =" (56)
Z(y)=2m""aol2y* + DEW) + yE'(»)
—(Vn/8)(6y% + Derfy — Yaye —| (57

The functions in Eq. (53) that are associated with the main-
stream pressure gradient and which are significant when p * is
0(1) are

PE) = -%p (E+1) (58

5
W) = <y4 +3y2+ %)erfy + -/r"/’y<y2 + i)e‘y2 —3y?2
(59

The expression [Eq. (53)] for the mean profile contains the
four parameters a,, Ag, t;", and T, which can be related to
each other through known conditions that must be satisfied by
the mean wall-layer profile. For large y *, the asymptotic form
of Eq. (53) is

1
u+ ~% [log(y*/Z) +¥] +Ao-——2-p+(T§r +2t5)  (60)

as y ¥ —oo, and upon comparing Egs. (7) and (60), it follows
that

1 1
w=2, C=ap+ (T t0g2) =Ly 12 1)
K k \ 2 2

where « is the von Karman constant, and C; is the inner
log-law constant. At the wall, Eq. (53) must satisfy the two
campatibility conditions given by Eqgs. (9), and this leads to
the two relations

(Ts + ") AR(TH) — k=1 + P(THH]

(") RO) ~ «~' + PO)] = ¥aVa T (62)
(Tg +15")"*[R(T5) + 3P(Ty)]
—(t")"*[R(0) +3P(0)] = 0 (63)

For a given value of « and C;, values of Ay, T5 , and ¢," are
readily determined by solving the algebraic equations [Eqs.
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(62) and (63)] numerically. As an example, the commonly used
values of k = 0.41 and C; = 5.0 yield values of

te" = 0.00801, Tg =110.2 (64)
Note that this value of T§ compares well with direct experi-
mental measurements.>!2 Because 75 = 0(100), it emerges
that the contributions of the eigenfunctions in Eq. (50) to the
time-mean profile are small as discussed in the Appendix.
Generally, 75 is large with respect to #;", and an expansion of
Eqs. (62) and (63) for small ¢, /Tg yields

1 1
Ci~5 (xT5)" +~
2 K

3 K

1 +
+%p+TB+ — <_t2_

1oz
%)
+

Ts

Yo
2

1
5 l()g(4 TE)]

(65)

If the last term in Eq. (65) is neglected, a good estimate of C;
for a given T may be obtained (and vice versa); this estimate
can be used to initiate a numerical solution of Egs. (62) and
(63) for t;" and C; (or T§).

For given values of « and C; (or T3 ), Eq. (53) defines the
mean profile throughout the wall layer, and a typical profile
for a constant pressure flow is shown in Fig. 2. The broken
lines denote the instantaneous profiles at various stages
throughout the cycle corresponding to the first three terms in
Eq. (50); the relaxing, thickening behavior depicted in Fig. 2 is
typical of the observed flow during the quiescent period.3®
Note, however, that the eigenfunction solutions and the non-
homogeneous terms M have not been included in Fig. 2; in
addition, the other Fourier modes in Eq. (25) are not repre-
sented. Consequently, a set of streamwise profiles in a specific
realization between bursts will normally appear considerably
more complex; thus, the instantaneous velocity profiles in
Fig. 2 should be regarded as an average type of flow develop-
ment that is significantly altered near the end of the cycle as
the wall-layer flow evolves rapidly toward an interaction with
the outer flow. For nonzero values of p *, the instantaneous
profiles during the cycle are accelerated near the wall-layer
edge for favorable pressure gradients and decelerated for ad-
verse pressure gradients. Some typical developments are
shown in Figs. 3 and 4; the values of p* and 75 used in
preparing these plots were taken from typically measured
values.>?” In general, T appears to increase in a favorable
pressure gradient and to decrease in an adverse pressure gradi-
ent. As a point of time-mean separation is approached, p~*
becomes 0(1), but T decreases. In Fig. 5, the development

5r
t/Ty= 10
0r
U, U /,' < //
5| \\ time—-mean
profile

1 1 1

0 1 n 10 100

Fig. 2 Time-mean wall-layer velocity profile and average instanta-
neous profiles for constant pressure flow, p * =0, T =110.2.
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t/T¢= 10

0.2

W,U*

time-mean
profile

1

0 1 10 100

Fig.3 Wall-layer profiles for a favorable pressure gradient,
pt=-0.098, T§ =164.

t/T= 10

Uo,U*

time—mean
profile

1

0 1 10 100

Fig. 4 Wall-layer profiles for an adverse pressure gradient,
pt=0.11, T§ =29.8.

for p* =0.5, T5 = 25 is shown; it may be observed that the
instantaneous profiles exhibit reversed flow over the latter
portion of the cycle, but that the mean velocity is everywhere
positive. This feature of the model is consistent with experi-
ments3® that show zones of transient reversed flow immedi-
ately upstream of nominally steady separation point. Finally,
an expression for the Reynolds stress distribution in the wall
layer may be obtained by integration of Eq. (5) and

au+
ay*

oo=1+p*y*— (66)

The theoretical result is compared directly with measured data
in Fig. 6 where it may be seen that the correspondance is
quite reasonable. Extensive comparisons® with data have
shown that the model profile U* represents mean profile
distributions very well under a wide variety of experimental
conditions.

VII. Discussion
The analytical expression for the wall-layer profile U+ may
be used in a variety of ways. A short subroutine to evaluate
U+ at any value of y+ is easily developed,?® and a series of
careful comparisons!®16-38 shows that the function closely rep-
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Fig. 5 Wall-layer profiles for a strong adverse pressure gradient,
pt=0.5, T§ =25 (note the transient reversed flow).

1.0 o

0.5

0 + 50 100

Fig. 6 Ceomparison of the wall-layer Reynolds stress function
(derived from the present profile model for p * =0, 75 =110.2) with
data.”’

resents wall-layer data over a wide range of experimental
conditions. One important application of the present results is
utilization of the analytical wall-layer profile in a prediction
method!®#%; in such an approach, an additional turbulence
model is required only in the outer layer, and functions such
as the Van Driest inner Reynolds stress model®® are not neces-
sary. Furthermore, since the need for numerical approxima-
tions in the wall layer is obviated, the approach can result in
a 50% savings in the number of mesh points used.*® The
details of this type of computational scheme will be reported
elsewhere,* but as an example of the type of results that may
be obtained,!¢ some computed results are depicted in Fig. 7.
The data is from a boundary-layer flow in air developing in an
adverse pressure gradient.*! The calculation was initiated at
the first data station (labeled 18304), and good agreement with
the measured data is obtained at successive stations down-
stream (labeled 18305,...,18309). The computational method
is a composite approach, consisting of an outer-layer numeri-
cal solution that was continually matched to the wall-layer
analytical profile U* as the calculation proceeded down-
stream; the match generally was carried out for values of y *
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0.0 + 16304
0.0 +
NN | WP | anaad o e aaaad
0'01 10 100 1000
+

Fig. 7 Comparison of predicted velocity with data* for turbulent
boundary-layer flow in an adverse pressure gradient.'

near 60. In this approach, values of skin friction u. are
determined by solving the algebraic relation [Eq. (10)], which
is the statement that the inner profile and the outer numerical
solution match smoothly together.*

Appendix

To obtain the mean velocity profile [Eq. (53)], the last three
sets of terms in the time-dependent solution [Eq. (50)] were
neglected. A potentially significant contribution to M may
arise from an organized convected pressure disturbance [see
Eq. (28)]; in order to evaluate such a contribution, the general
nature of the time dependence in p, would need to be known.
The other Fourier modes in Eq. (25) give rise to another
portion of the forcing function in Eq. (28); this contribution is
expected to ultimately alter the shape of the profile near the
end of the cycle (in Fig. 2 for example), but the effect on the
overall mean is expected to be small.?” In any case, a detailed
assessment of the effects of these quantities will have to be
considered in subsequent work. It is, however, possible to
show that the effect of the eigenfunctions in Eq. (50) is small.
A time-average of the two sums in Eq. (50) produces the
result!’

GO*Ts)— G(4,0) (A1)

where

Go8) = —% Vrerf y*
B

4 . )
+— Y AE+ 1) R eV Hy3(G)

T x=2
2w+B, [FG*
e A [—(’i )+2x()7+)—logii+}
Tive L ¥
1 & B, o2

)»

T A G- D@ -3)
X V(=2j + %, V2 §*) (A2)

(E + t0+)(3—2/)/2
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where F(9*) is Dawson’s integral,®® and x(#*) is the integral
of Dawson’s integral (from 0 to ).

To assess the potential contribution of Eq. (A1) to the mean
profile, it is reasonable to assume that the constants A and B,
are at most comparable to Ay. In general, #;' is small, and 75
is O(100) [cf. Eq. (64)]; consequently, since all terms in Eq.
(A1) contain inverse powers of T4, the contribution to the
mean profile [Eq. (53)] due to Eq. (Al) may be reasonably
neglected. Physically, the relative smallness of these terms
may be explained by reference to the eigenfunction solutions
in Eq. (50), which all contain inverse powers of 7; as the cycle
evolves, these solutions die out quickly and are ultimately
dominated by the first three terms in Eq. (50).1%:1¢
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